We demonstrate that solitary pulses in linearly coupled nonlinear Schrödinger equations with gain in one mode and losses in another one, which is a model of an asymmetric erbium-doped nonlinear optical coupler, exist and are stable, as was recently predicted analytically. Next, we consider interactions between the pulses. The in-phase pulses attract each other and merge into a single one. Numerical and analytical consideration of the repulsive interaction between -out-of-phase pulses reveals the existence of their robust pseudobound state, when a final separation between them takes an almost constant minimum value, as a function of the initial separation, T in , in a certain interval of T in . In the case of the phase difference /2, the interaction is also repulsive. ͓S1063-651X͑96͒12210-8͔ PACS number͑s͒: 42.81. Dp; 42.81.Qb; 52.35.Sb; 03.40.Kf Localized pulses ͑solitons͒ play a central role in numerous physical systems that have attracted a lot of interest ͓1,2͔. Real systems must contain an active element providing for a loss-compensating gain. In nonlinear optical fibers ͑NOF's͒ the losses can be compensated by the erbium-doped amplifiers ͓2͔. However, if the active element is uniformly distributed in the system, it makes the zero solution unstable, thus lending instability to the solitary pulse. A well-known model with this property is the cubic Ginzburg-Landau ͑GL͒ equation ͓3͔. In the application to NOF's, it may be regarded as a perturbed nonlinear Schrödinger ͑NLS͒ equation:
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where u (z,) is an envelope of the electromagnetic waves in the fiber, z and are the propagation distance and the socalled reduced time, ␥ 0 is gain, and ␥ 1 and ␥ 2 are coefficients of the dispersive and nonlinear losses. Equation ͑1͒
has an exact solitary-pulse solution ͓3͔, which can form bound states ͓4͔. However, at ␥ 0 Ͼ0 the solution uϭ0 is unstable in this model, hence an isolated pulse is unstable too. A problem of fundamental interest is to find a tractable physical model that can support stable pulses. Recently, it was proposed in ͓5͔ in the form of a dual-core NOF ͑cou-pler͒, in which one core is active while the other one is pure lossy. The model gives rise to two solitons, one stable and one unstable, the unstable one being a separatrix between attraction domains of the stable soliton and the stable zero solution.
In Ref. ͓5͔, only analytical results were presented. It remains necessary to check those results numerically, which is the first objective of the present work. It will be demonstrated that the pulses indeed exist and are stable. The shape of the numerically obtained pulses proves to be so close to the analytically predicted form that one virtually cannot distinguish between them. The other objective of this work is to consider collisions between the pulses. We will arrive at a simple concept of a ''pseudo-bound state'' of two pulses.
The model put forward in ͓5͔ is a system of two linearly coupled perturbed NLS equations for amplitudes of electromagnetic waves in an asymmetric twin-core NOF, only one core being active. Actually, one can have two identical doped cores, while the asymmetry is provided by pumping only one core using an external source of light. A coupler with one active core was first proposed in ͓6͔ to improve the quality of pulses generated by the soliton laser.
We will write the equations in the same ''optical'' notation as Eq. ͑1͒:
Here, the variables u and v are the amplitudes of electromagnetic waves in the active and lossy cores of the coupler, ␥ 0 and ␥ 1 are the same as in Eq. ͑1͒, is the coupling constant, and ⌫ 0 is the loss coefficient in the passive core.
First of all, one should consider the stability of the solution uϭvϭ0. As was demonstrated in ͓5͔, a necessary and sufficient condition for its stability is
In Ref. ͓5͔, the soliton in the model based on Eqs. ͑2͒ and ͑3͒ was treated perturbatively, assuming that the coupling, gain, and losses were small perturbations, although different perturbations were given different orders of smallness: the gain and losses in the active core were essentially weaker than the coupling between the cores, while the losses in the passive one might be comparable to the coupling. In the zeroth-order approximation, the soliton is assumed to reside only in the first core:
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which can be solved by the Fourier transform. Finally, an equation for slow evolution of the amplitude was derived in ͓5͔ by means of the balance equation for the energy:
where Cϵ 1 6 2 ϩ(3)Ϸ2.845. The formal singularity of the last term in Eq. ͑7͒ at →0 is fictitious, as this expression is irrelevant at very small .
and no fixed point in the opposite case. Thus, ͑8͒ is the necessary and sufficient condition for the existence of stationary solitons in the model. It is necessary to check if this condition is compatible with the other one, Eq. ͑4͒, which is necessary for the stability of solitons in the model. Because Eq. ͑4͒ does not involve the parameter ␥ 1 , one can secure the compatibility, choosing small enough ␥ 1 . If condition ͑8͒ is met, the solution with larger 2 is stable, and the one with smaller 2 is unstable, as solutions to Eq. ͑7͒. The unstable solution is a separatrix between the stable soliton and zero solution.
In order to check the analytical predictions, we solved Eqs. ͑2͒ and ͑3͒ numerically by means of the split-step Fourier method ͓7͔. In the first runs of the simulations, the initial state was taken in the form of a perturbed pulse ͑5͒ with different values of . In all the cases, we observed a rapid evolution of the initial pulse into a stable one whose shape did not depend on the initial value of . We will display results for a particular set of the values ␥ 0 ϭ0.01,␥ 1 ϭ0.01,⌫ 0 ϭ0.15,ϭ0.125, which satisfy both conditions ͑4͒ and ͑8͒ necessary for the existence and stability of the pulses. Substitution of these values into Eq. ͑7͒ yields the stable fixed point at Ϸ1.697, which is expected to correspond to a stable pulse in Eqs. ͑2͒ and ͑3͒. A typical run of simulations is shown in Fig. 1 . In order to test the stability of the pulse, we took initial conditions containing strong asymmetric disturbances. Measuring the amplitude of the established stable pulse in Fig. 1 , we have found it to be Ϸ1.657, which compares very well with the above analytical prediction 1.697. We tried, for comparison, to juxtapose the established pulse in Fig. 1 and the analytically predicted one. However, they proved to be virtually indistinguishable. These and many other runs of the simulations of Eqs. ͑2͒ and ͑3͒ produce cogent proof of the existence of the stable pulse in this model, with a shape very close to that predicted by the analytical perturbation theory.
Once stable solitary pulses have been found, the next step is to consider interactions between them. Since our pulses are close to the NLS solitons, one can expect that their interaction will be similar to the interaction between the solitons. As is well known, the latter interaction strongly depends on the relative phase of the solitons: it is attractive if ϭ0, and repulsive if ϭ.
All the simulations to be displayed below were done for the same parameter values as above. We simulated the interaction between two pulses at ϭ0, taking at zϭ0 a superposition of two identical solitons with a certain initial separation T in . Two different outcomes were observed, depending upon T in : fusion of the two pulses into a single one ͑Fig. 2͒, if the initial separation was not too large, and no interaction at all in the opposite case.
In the case where the fusion takes place, it produces a stationary pulse which is identical to that generated by a solitary initial pulse, cf. Figs. 1 and 2 . The simulations of the fusion provide another strong argument in favor of robustness of the stationary pulses in the model: as one can see in Fig. 2 , the final pulse is generated from an intermediate ''lump'' which is very different from the stationary soliton.
One should expect repulsion between the pulses if the phase difference between them is . In this case, we indeed observed repulsion. As a characteristic of this type of the interaction, we have plotted in Fig. 3 the final separation between the solitons, T f , versus the initial separation T in . This plot pertains to the same parameter values as above. As can be seen, the strong repulsion between initially close pulses pushes them far apart. Then, T f decreases with the increase of the T in due to the weakening repulsion. A minimum of T f is attained when T in takes values between 6.0 and 7.0: in this interval, T f remains practically constant, equal to T min ϭ8.203. With further increase of Y in , T f is increasing, and at T in Ͼ9.5 the dependence becomes trivial, T f ϷT in , which simply implies the absence of any conspicuous interaction.
The flat minimum at T f ϭT min in the dependence shown in Fig. 3 looks like a bound state of the solitons. Indeed, a bound state implies that the final separation takes a fixed value independent of the initial separation ͓4͔. However, in the present case the flat minimum is not a true bound state. This is suggested by the fact that the value T f Ϸ8.58 corresponding to T in ϭT min ϭ8.203 is different from T min itself. The final separation T f shown in Fig. 3 is measured at zϭ400. We have checked that at zϭ2000 the results are practically the same.
We will call the feature displayed in Fig. 3 a pseudobound state. Although this state is not truly bound, it may play a significant role in applications, as it looks like a bound state, is robust, and is observed at moderate separations. True bound states of solitons in the present model were considered in ͓5͔. They may exist because the linear terms accounting for the gain and dissipation render the solitons' tails oscillatory, which, in turn, gives rise to local minima in the effective potential of the soliton-soliton interaction. In Ref. ͓5͔ , it was shown that the minimum separation between the solitons in the true bound state is TϷ/⌫ 0 . Substitution of the present parameter values yields TϷ36, which is much larger than the above T min . Actually, at such a large separation there is no interaction between the solitons. A true bound state can be observed at larger values of the perturbation parameters, but we will not consider this issue.
The pseudo-bound state can be explained by means of the perturbation theory which treats interaction between the solitons as a small perturbation ͓1͔. It is straightforward to derive an evolution equation for the separation T(z) between two identical solitons:
the overdot standing for d/(dz). Consideration of Eq. ͑9͒ with cosϭϪ1 ͑repulsion͒ shows that the dependence of the final separation on the initial separation will indeed have a minimum, provided that the dissipative constant ␥ 1 is small enough. Indeed, looking at Eq. ͑9͒ as an equation of motion for a unit-mass particle with the coordinate T(z) in the potential U(T)ϵ8 2 exp(ϪT), one concludes that, neglecting the friction force, the particle with the initial position T in will acquire at z→ϱ the ''velocity'' Ṫ ϱ ϭ4exp(Ϫ 1 2 T in ). Now, we take into account that the moving particle is braked by the weak friction force according to the equation 
